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Abstract 

We review the notions of (weak) Hermitian- Yang-Mills structure and 
approximate Hermitian- Yang-Mills structure for Higgs bundles. Then, we 
construct the Donaldson functional for Higgs bundles over compact Kahler 
manifolds and we present some basic properties of it. In particular, we 
show that its gradient flow can be written in terms of the mean curvature 
of the Hitchin- Simpson connection. We also study some properties of 
the solutions of the evolution equation associated with that functional. 
Next, we study the problem of the existence of approximate Hermitian- 
Yang-Mills structures and its relation with the algebro-geometric notion of 
semistability and we show that for a compact Riemann surface, the notion 
of approximate Hermitian- Yang- Mills structure is in fact the differential- 
geometric counterpart of the notion of semistability. Finally, we review 
the notion of admissible Hermitian structure on a torsion-free Higgs sheaf 
and define the Donaldson functional for such an object. 



1 Introduction 

In complex geometry, the Hitchin-Kobayashi correspondence asserts that the 
notion of (Mumford-Takemoto) stability, originally introduced in algebraic ge- 
ometry, has a differential-geometric equivalent in terms of special metrics. In its 
classical version, this correspondence is established for holomorphic vector bun- 
dles over compact Kahler manifolds and says that such bundles are polystable if 
and only if they admit an Hermitian-Einsteir0 structure. This correspondence 
is also true for Higgs bundles. 



The history of this correspondence starts in 1965, when Narasimhan and 
Seshadri |12j proved that a holomorphic bundle on a Riemann surface is stable 
if and only if it corresponds to a projective irreducible representation of the 
fundamental group of the surface. Then, in the 80's Kobayashi [5] introduced 

*Electronic address: sholguin@sissa.it 

'^In the literature Hermitian-Einstein, Einstein-Hermite and Hermitian- Yang-Mills are all 
synonymous. Sometimes, also the terminology Hermitian- Yang-Mills-Higgs is used [S]. 
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for the first time the notion of Hermitian-Einstein structure in a holomorphic 
vector bundle, as a generalization of a Kahler-Einstein metric in the tangent 
bundle. Shortly after, Kobayashi ^ and Liibke [TS] proved that a bundle with 
an irreducible Hermitian-Einstein structure must be necessarily stable. Don- 
aldson in [T6| showed that the result of Narasimhan and Seshadri [12] can be 
formulated in terms of metrics and showed that the concepts of polystability 
and Hermitian-Einstein metrics are equivalent for holomorphic vector bundles 
over a compact Riemann surface. Then, Kobayashi and Hitchin conjectured 
that the equivalence should be true in general for holomorphic vector bundles 
over Kahler manifolds. However, the route starting from stability and showing 
the existence of special structures in higher dimensions took some time. 

The existence of Hermitian-Einstein structures in a stable holomorphic vec- 
tor bundle was proved by Donaldson for projective algebraic surfaces in [17] and 
for projective algebraic manifolds in [IB]. Finally, Uhlenbeck and Yau showed 
this for general compact Kahler manifolds in using some techniques from 
analysis and Yang-Mills theory. Hitchin [T] , while studying the self-duality equa- 
tions over a compact Riemann surface, introduced the notion of Higgs field, and 
showed that the result of Donaldson for Riemann surfaces could be modified to 
include the presence of a Higgs field. Following the results of Hitchin, Simp- 
son in [2] defined a Higgs bundle to be a holomorphic bundle together with a 
Higgs field and proved the Hitchin-Kobayashi correspondence for such an ob- 
ject. As an application of this correspondence, Simpson [5], [3] studied in detail 
a one-to-one correspondence between stable Higgs bundles over compact Kahler 
manifolds with vanishing Chern classes and representations of the fundamental 
group of the Kahler manifold. 

The Hitchin-Kobayashi correspondence has been further extended in several 
directions. Simpson [2j studied the Higgs case for non-compact Kahler manifolds 
satisfying some additional requirements and Liibke and Teleman |14j studied the 
correspondence for compact complex manifolds. Bando and Siu [19) extended 
this correspondence for torsion-free sheaves over compact Kahler manifolds and 
introduced the notion of admissible Hermitian metric for such objects. Follow- 
ing the ideas of Bando and Siu, Biswas and Schumacher 3^ generalized this to 
the Higgs case. 

In [17] and [18] , Donaldson introduced for the first time a functional (which 
is known as the Donaldson functional) and later Simpson [2] defined this func- 
tional for Higgs bundles. Kobayashi in [TU] constructed the same functional in a 
different form and showed that it played a fundamental role in a possible exten- 
sion of the Hitchin-Kobayashi correspondence. In fact, using that functional he 
proved that for holomorphic vector bundles over projective algebraic manifolds, 
the counterpart of semistability is the notion of approximate Hermitian-Einstein 
structure. 

In this article we show that for a Higgs bundle on a compact Riemann 
surface, there is a correspondence between semistability and the existence of 
approximate Hermitian- Yang-Mills structures. We do this by using a Donald- 
son functional approach analogous to that of Kobayashi "TUI . This result covers 
the classical case if we take the Higgs field equal to zero. 
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The correspondence between semistability and the existence of approximate 
Hermitian-Einstein metrics in the ordinary case has been studied recently in 
using a technique developed by Buchdahl [5D] for the desigularization of 
sheaves in the case of compact complex surfaces. In a future work, following 
[5] , we will study in detail the notion of admissible Hermitian metric on a Higgs 
sheaf, the Donaldson functional for torsion-free sheaves and the correspondence 
between semistability and the existence of approximate Hermitian- Yang-Mills 
metrics for Higgs bundles on compact Kahler manifolds of higher dimensions. 
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2 Preliminaries 

We start with some basic definitions. Let X be an n-dimensional compact 
Kahler manifold with a; its Kahler form and let be the cotangent sheaf to 
X, i.e., it is the sheaf of holomorphic one-forms on X. A Higgs sheaf £ over X 
is a coherent sheaf E over X, together with a morphism (f) : E ^ E ® Vl\ of 
Ox-modules, such that the morphism (j) A (f) : E —i' E (S) vanishes. The mor- 
phism (j) is called the Higgs field of £. A Higgs sheaf € is said to be torsion-free 
(resp. reflexive, locally free, normal, torsion) if the sheaf E is torsion-free (resp. 
reflexive, locally free, normal, torsion). A Higgs subsheaf of £ is a subsheaf 
F of E such that (^(F) C F ® fl]^ ■ A Higgs bundle € is just a Higgs sheaf in 
which the sheaf E is a, locally free Ox-module. 

Let 2i and £2 be two Higgs sheaves over a compact Kahler manifold X. A 
morphism between £1 and €2 is a map / : Ei — > E2 such that the diagram 
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commutes. We will denote such a morphism by / : €1 — > €2. A sequence of 
Higgs sheaves is a sequence of their corresponding coherent sheaves where each 
map is a morphism of Higgs sheaves. A short exact sequence of Higgs sheaves 
(also called an extension of Higgs sheaves or a Higgs extension [3], [3]) is defined 
in the obvious way. 

We define the degree deg (B and rank rk € of a Higgs sheaf simply as the de- 
gree and rank of the sheaf E. If the rank is positive, we introduce the quotient 
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//((£)= deg (£/rk (£ and call it the slope of the Higgs sheaf (£. In a similar way 
as in the ordinary case (see for instance [TU], [H], [13], [12]) there is a notion 
of stability for Higgs sheaves, which depends on the Kahler form and makes 
reference only to Higgs subsheaves [5], [3], [i], [S], [Bj- Namely, a Higgs sheaf 
€ is said to be w-stable (resp. w-semistable) if it is torsion-free and for any 
Higgs subsheaf 3" with < rk^^ < rkG; and torsion- free quotient, one has the 
inequality /Lt(S^) < /Lt(€) (resp. <). We say that a Higgs sheaf is w-polystable if it 
decomposes into a direct sum of w-stable Higgs sheaves all having the same slope. 

Let £ = {E, (j>) be a Higgs bundle of rank r over X and let w be the Kahler 
form of X. Using the Chern connection D(^E.h) of E and the Higgs field (/) one 
defines the Hitchin-Simpson connection on € by: 

'Die.h) = D(^E,h) + 4>+ 4>h , (1) 

where (j)h is the adjoint of the Higgs field with respect to the Hermitian structure 
h, that is, it is defined by the formula h((j)hs, s') = h{s, (j)s') with s, s' sections 
of the Higgs bundle. The curvature of the Hitchin-Simpson connection is then 
given by 7^(e_,,) = o and hence 

"T^Ce./i) = R(E.h) + D[E^h){(j)) + D['E,h)iM + [0, <l>h] ■ (2) 

We say that the pair (£, h) is Hermitian fiat, if the curvature 'JZ((f^h) vanishes. 
We denote by Herm(2;) the space of Hermitian forms in 2; and by Herm"'"((£) the 
space of Hermitian structures (i.e., positive definite Hermitian forms) in £. For 
any Hermitian structure h it is possible to identify Herm(£) with the tangent 
space of Herm^(€) at that h (see [ID] for details). That is 

Hcrm((£) = T,, Hcrm+(l£) . (3) 

If V denotes an element in Herm(2;), one defines the endomorphism h^^v of £ 
by the formula 

v{s,s') = h{s,h^^vs'), (4) 

where s,s' are sections of (£. We define a Riemannian structure in Herm^(£) 
via this identification. Namely, for any v, v' in Herm((£) we define 

{v,v')h= I tv{h-^vh-^v')uj'^/n\. (5) 
Jx 

The Higgs field (p can be considered as a section of Endi? ® and hence 
we have a natural dual morphism (j>* : E* ^ E* (E) fl]^ . From this it follows that 

= {E*,(j)*) is a Higgs bundle. On the other hand, if Y is another compact 
Kahler manifold and / : Y — > X is a holoniorphic map, the pair defined by 
/*£ = {f*E, f*(j)) is also a Higgs bundle. We have also some natural properties 
associated to tensor products and direct sums. In particular we have 

Proposition 2.1 Let £i and (£2 two Higgs bundles with Higgs fields (pi and (f>2 
respectively. Then 

(i) The pair (£1 (g) €2 = {Ei (g) i?2 , 0) is a Higgs bundle with cj) = 0i (g) /2 -f /i 02 • 

(ii) // pr j : El ® E2 ^ Ei with i — 1,2 denote the natural projections, then 
£1 ® £2 = (-E-i (B E2,(t>) is a Higgs bundle with (j) = pr*</)i -|- pT24>2- 
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In a similar form as in the ordinary case [TU], [T3], [H], we have a notion 
of Hermitian-Einstein structure for Higgs bundles [5], [3]. Let us consider the 
usual star operator * : AP't ->■ and the operator L : Ap^'J Ap+'^'''+'^ 

defined by Lip = w A where ip is a, form on X of type (p, q). Then we define, 
as usual, A ~ o L o * : AP''^ — >■ Ap~^''^~^. Consider now a metric h in 
Herm'''(€) (i.e., h is an Hermitian structure on €), associated with this metric 
we have a Hitchin-Simpson curvature 'R-(e,h)- We can define the mean curvature 
of the Hitchin-Simpson connection, just by contraction of this curvature with 
the operator iA. In other words, 

K^ie.h) = iMZ(^e^h) ■ (6) 

The mean curvature is an endomorphisn:H in End(i?). We say that h is a weak 
Hermitian- Yang-Mills structure with factor 7 for 2; if 

K^{e,h) =1-1 (7) 

where 7 is a real function defined on X and / is the identity endomorphism 
on E. From this definition it follows that if ft, is a weak Hermitian- Yang-Mills 
structure with factor 7 for (£, then the dual metric h* is a weak Hermitian- 
Yang-Mills structure for the dual bundle £* and also, that any metric ft, on a 
Higgs line bundle is necessarily a weak Hermitian- Yang-Mills structure. As in 
the ordinary case, also for Higgs bundles we have some simple properties related 
with the notion of weak Hermitian- Yang-Mills structure, in particular, from the 
usual formulas for the curvature of tensor products and direct sums we have the 
following 

Proposition 2.2 (i) If hi and h2 are two weak Hermitian- Yang- Mills struc- 
tures with factors 71 and 72 for Higgs bundles £1 and ^2, respectively, then 
hi ® h2 is a weak Hermitian- Yang-Mills structure with factor 71 -|- 72 for the 
tensor product bundle (£1 ® £2 . 

(ii) The metric hi ® /i2 is a weak Hermitian- Yang- Mills structure with factor 
7 for the Whitney sum £1 © €2 */ o-nd only if both metrics hi and h2 are weak 
Hermitian- Yang- Mills structures with the same factor 7 for £1 and £2, respec- 
tively. 

If we have a weak Hermitian- Yang-Mills structure in which the factor 7 = 
is constant, we say that ft is an Hermitian- Yang- Mills structure with factor c 
for £. From Proposition 1 2 . 21 and this definition we get 

Corollary 2.3 Let ft e Herni^(2;) be a (weak) Hermitian- Yang-Mills structure 
with factor 7 for the Higgs bundle £. Then 

(i) The induced Hermitian metric on the tensor product g;®P(g)2;*®9 is a (weak) 
Hermitian- Yang- Mills structure with factor [p — 5)7. 

(ii) The induced Hermitian metric on /\^ £ is a (weak) Hermitian-Yang-Mills 
structure with factor for every p < r = rkC 

In general, if ft is a weak Hermitian-Yang-Mills structure with factor 7, the 
slope of € can be written in terms of 7. To be precise, we obtain 

■^If we consider a local frame field {ei}1_i for £ and a local coordinate system {2q,}^_j of 
X, the components of the mean curvature are given by /C' = ui°'f^'R} . -. 
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Proposition 2.4 If h £ Hcrm^(£) is a weak Hermitian- Yang-Mills structure 
with factor 7, then 

= f 7^". (8) 

Proof: Let TZ be the Hitchin-Simpson curvature of then in general we have 
the identity 

inn A uj'^-^ = tCLu" . (9) 

Now, by hypothesis /i is a weak Hermitian- Yang-Mills structure with factor 7, 
then taking the trace of © and integrating over X we obtairH 

where r is the rank of £. Q.E.D. 

Consider now a real positive function a — a{x) on X, then h' — ah defines 
another Hermitian metric on £. Since h' is a conformal change of h, we have in 
particular (ph' = 4>h- Then, from ^ we obtain 

/C' c^" = in{R' + [0, M) A c^""' = {K' + iA[0, 0^]) w". (11) 

Now, defining Dq = iKd"d' (see [TU] for details) we have K' = K + \2q (log a) 
and hence using the identity ([TT|) we get 

/C'w" =/Ccj" + no(loga)w". (12) 

From this we conclude the following 

Lemma 2.5 Let h he a weak Hermitian- Yang- Mills structure with factor 7 for 
£ and let a be a real positive definite function on X , then h' = ah is a weak 
Hermitian- Yang-Mills structure with factor 7' = 7 -|- □o(loga). 

Making use of Lemma 12.51 we can define a constant c which plays an impor- 
tant role in the definition of the Donaldson functional. Such a constant c is an 
average of the factor 7 of a weak Hermitian- Yang-Mills structure. Namely 

Proposition 2.6 If h £ Hcrm^((£) is a weak Hermitian- Yang-Mills structure 
with factor 7, then there exists a conformal change h' — ah such that h' is an 
Hermitian- Yang-Mills structure with constant factor c, given by 

a;"= / 70;". (13) 
X Jx 

Such a conformal change is unique up to homothety. 
Proof: Let c be as in ([TH)) . then 



(c-7)a;" = 0. (14) 



X 



^We consider here the integral ^ f^ trTZ A lu" ^ . Notice that only the (1, 1) part of the 
curvature makes a real contribution in such an integral and since tr [ip, ip] is identically zero, 
that integral must be the degree of the holomorphic bundle E and hence it is equal to deg C 
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It is sufficient to prove that tliere is a function u satisfying tfie equation 

□ou = c-7, (15) 

where, as we said before Dq = iAd"d'. Because if this holds, then by applying 
Lemma [^31 with the hmction a = e" the result follows. 

Now, from Hodge theory we know that the equation ([T5|) has a solution if 
and only if the function c — 7 is orthogonal to all Do-harmonic functions. Since 
X is compact, a function is Do-harmonic if and only if it is constant. But (jl4p 
says that c — 7 is orthogonal to the constant functions and hence the equation 
([T^ has a solution u. Finally, the uniqueness follows from the fact that Do- 
harmonic functions are constant. Q.E.D. 

Since every weak Hermitian-Yang-Mills structure can be transformed into an 
Hermitian- Yang-Mills structure using a conformal change of the metric, with- 
out loss of generality we avoid using weak structures and work directly with 
Hermitian-Yang-Mills structures. 



3 Approximate Hermitian-Yang-Mills structures 

As we have seen in the preceding section, if we have an Hermitian-Yang-Mills 
structure with factor c, this constant can be evaluated directly from and we 
have 

^^(n-l)!volX- (1^) 

On the other hand, regardless if we have an Hermitian-Yang-Mills structure or 
not on €, we can always define a constant c just by (jl6l) . Introduced in such 
a way, c depends only on ci(€) and the cohomology class of uj and not on the 
metric h. We define the length of the endomorphism /C — c/ by the formula 

|/C - c/p = tr [(/C - cl) o (/C - c/)] . (17) 

We say that a Higgs bundle <B over a compact Kahler manifold X admits an 
approximate Hermitian-Yang-Mills structure if for any e > there exists a 
metric h (which depends on e) such that 

max|/C-c/| < e. (18) 

From the above definition it follows that £* admits an approximate Hermitian- 
Yang-Mills structure if £ does. This notion satisfies some simple properties with 
respect to tensor products and direct sums. 

Proposition 3.1 and £2 admit approximate Hermitian-Yang-Mills struc- 

tures, so does their tensor product (£1 (g) £2- Furthermore if — fi{<£2), so 

does their Whitney sum £1 £2 • 

Proof: Assume that £1 and £2 admit approximate Hermitian-Yang-Mills struc- 
tures with factors ci and C2 respectively and let e > 0. Then, there exist hi and 
/i2 such that 

max \JCi — ci/i I < _ , max I/C2 — C2/2 1 < 
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where ri, r2 and /i, /2 are the ranks and the identity endomorphisms of £i and 
€2 respectively. Now, let JC be the Hitchin-Simpson mean curvature of £1 ® €2 
associated with the metric h = hi ® h2- Then, by defining c — ci + C2 and 
/ = /i <8) /2 it follows 

\K.-cI\ = \K.i®l2+Ii®K,2-{ci+C2)Ii®h\ 

< |(/Ci-Ci/i)®/2| + |/l®(/C2-C2/2)| 

< Vr^\ICi - cihl + y/7\\IC2 - C2I2' 



. . . -'2I 

< e 



and hence the tensor product £1 <Si £2 admits an approximate Hermitian- Yang- 
Mills structure. 



On the other hand, if = /i(€2), necesarily the constants Ci and C2 

coincide. Then, taking this time c = ci = C2, I = h (B I2 and /C = /Ci © /C2, we 
have 

|/C-c/| = |/Ci®/C2-c/i©/2| 

= Vtr (/Ci-ci/i)2+tr (/C2- 02/2)2 
< I/C1-C1/1I + I/C2-C2/2I. 

From this inequality it follows that (Bi © £2 admits an approximate Hermitian- 
Yang-Mills structure. Q.E.D. 

Corollary 3.2 //£ admits an approximate Hermitian-Yang-Mills structure, so 
do the tensor product bundle £®^' (g) £*®9 and the exterior product bundle /\^ 2; 
whenever p < r. 

Finally, in a similar way as in the classical case, we have a version of the 
Bogomolov-Liibke inequality also for Higgs bundles admiting an approximate 
Hermitian-Yang-Mills structure (see [TU], [H] for details). To be precise, we 
obtain 

Theorem 3.3 Let ^ be a Higgs bundle over a compact Kdhler manifold X and 
suppose that £ admits an approximate Hermitian- Yang-Mills structure, then 

[ [2rc2(£) - (r- l)ci(£)2] Aa;"-2 > 0. (19) 
Jx 

Proof: Assume that £ admits an approximate Hermitian-Yang-Mills structure. 
Let e > and suppose h^ is a metric on £ satisfying (IT51) . Then, we have closed 
2fc-forms Ck{^,he) representing the fc-th Chern classes. From fTIP, Ch.IV, we 
obtain 

ri — 2 n 

(2r C2(£, h,) - (r- 1) ci(£, K)') A -— — = [r{\R,\' - \K,\') + - — 

where the quantities on the right-hand side are associated to the metric /ig and 
are given by \Kf\'^ = tr and = tr K^^ and 
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Now, one has r|i?jp > |pcp, and hence integratmg over X we obtain 

/ (2rc2(€,M-(r-l)ci((£,M')AT^^> / [a^ - r\K,\'']'^ . (20) 

Since is an approximate Hermitian-Yang-Mihs structure, we have 

>\IC,-cI\^ ^\JC,\^ -2c(j, + c^r. (21) 

On the other hand, 

= \K,\^ + 2iAtT[K,-[cj,J,]] +(zA)2tr[[0,0,]2] 
= |X,|2 + 2zAtr[/C, •[</>, . 

Now, ICc — cl + e A with A a self-adjoint endoniorphism of E and hence we can 
estimate the term involving the trace in the last expression as 

tr [IC, ■ [0, 0,]] = c tr [0, 0,] + e tr [A ■ [0, ^,]] = e (22) 

where the (1, l)-form 77 = tr [A • [(j), 0^]] . Consequently 

|/CeP = |if.P + 2e(iAr;). (23) 

Finally, from ^ and (gS]) it follows 

a2-r|if,|2 > (fx, - cr)2 + /(e) 

where /(e) = re(2 (zAry) — e). Then, by replacing this last expression in (PU)) we 
conclude 

/ (2rc2((£,M-(^-l)ci((S,M')A-^^> / /(e) . (24) 

Now, the integral on the left-hand side is independent of the metric h^. On 
the other hand, the above inequality holds for all e > and clearly /(e) 
as e — > 0. Therefore, one has the inequality (jl9p if £ admits an approximate 
Hermitian- Yang-Mills metric. Q.E.D. 

We want to construct a functional £ on Herm+(£), that will be called Don- 
aldson's functional and whose gradient is related with the mean curvature of the 
Hitchin-Simpson connection. The construction of this functional is in certain 
way similar to the ordinary case. However, there are some differences, which in 
essence are due to the extra terms involving the Higgs field (j) in the expression 
for the curvature ([2]). 

4 Donaldson's functional 

Given two Hermitian structures h, k in Herni^"(2;), we connect them by a curve 
ht, < t < 1, in Herm+(€) so that k — ho and h — hi. We set 

Qi(/i,fc) =log(det(fc-^/i)), Q2{h,k)^i[ ix{vt -Tit) dt , (25) 

Jo 
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where Vt — h^^dtht and TZt denotes the curvature of the Hitchin-Simpson con- 
nection associated with ht- Notice that Qi{h,k) does not involve the curve (in 
fact, it is the same functional of the ordinary case). On the other hand, the 
definition of Q2{h, k) uses explicitly the curve and differs from the ordinary case 
because of the extra terms in ([2]) . We define the Donaldson functional by 



£{h,k)^ / Q2{h,k)- -Qi{h,k)uj Aw"-V(n-1)!, (26) 
Jx ^ n J 



where c is the constant given by 



{n- l)!volX 



(27) 



Notice that the components of (2, 0) and (0, 2) type of TZt do not contribute 
to C{h, k). This means that, in practice, it is enough to consider in the defini- 
tion of Q2{h, k) just components of (1, l)-type[l. 



The following Lemma and the subsequent Proposition are straightforward 
generalizations of a result of Kobayashi (see PJ], Ch.VI, Lemma 3.6) to the 
Higgs case. Part of the proof is similar to the proof presented in [TUl, however 
some differences arise because of the term involving the commutator in the 
Hitchin-Simpson curvature. 

Lemma 4.1 Let ht,a < t < b , be any differentiable curve in Herm+(€) and k 
any fixed Hermitian structure of <B. Then, the (1,1) -component of 

if tT{vfTZt)dt + Q2{ha,k)-Q2{hb,k) (28) 

J a 

is an element in d'A"'^ + d"A^'°. 

Proof: Following [TU], we consider the domain A in defined by 

A^{{t,s)\a<t<b,0<s<l} (29) 

and let ft, : A — > Herm^(£) be a smooth mapping such that h{t, 0) = fc , h{t, 1) = 
ht for a < t < b , let h{a, s) and h{b, s) line segments curveqj from k to ha 
and respectively from k to hi,. We define the endomorphisms u — h^^dgh, 
V — h~^dth and we put 

n = d"{h-^d'h) + [(f>,^h] (30) 

and 4* = itT[h^^dhTZ] , where dh = dghds + dthdt is considered as the exterior 
differential of h in the domain A. It is convenient to rewrite in the form 



"ii = itT[{uds + vdt)n]. (31) 

^In other words, in computations involving integration over X, we ean always replaee the 
curvature by Ti]'^ = Rt + [<l>, 4>ht]- 

^Notice that we have a simple expression for line segments curves from k to ht given by 
h{t, s) = sht + (1 - s)k. 
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Applying the Stokes formula to (which is considered here as a 1-form in the 
domain A) we get 

= / (32) 

A JdA 

The right hand side of the above expression can be computed straightforward 
from definition. In fact, after a short computation we obtain 

* = z / tr(wt • 7^^') dt + Ql'\ha, k) - Q^^h, k) . (33) 

aA J a 



Therefore, we need to show that the left hand side of ([5^ is an element in 
d'yio.i + d"A^-^, and hence, it sufHces to show that e d' A^-^ + d" A^-^ . 

Now, from the definition of 5* we have 

d^ = iiY[d{uds + vdt)TZ- {uds + vdt)dTl] 

— i tr[{dsV — dtu)TZ — u dtTZ + v dsTZ] ds A dt . 

On the other hand, a simple computation shows that 

dtu = —vu + h^^dtdsh , dgV — —uv + h^^dgdth , (34) 

dtTZ = d"D'v + [0, dtM , dsn = d"D'u + [0, ■ (35) 

Replacing these expressions in the formula for d'^ and writing TZ ~ R + [(j), (ph] 
we obtain 

M ^ itT[{vu- uv)R~ ud"D'v + vd"D'u]ds Adt 

+ itr [d [4>, ds4>h] - u [0, dt(t)h\ + {vu - uv)[(j), ds A dt . 

The first trace in the expression above does not depend on Higgs field (j) (in fact, 
it is the same expression that is found in [TU] for the ordinary case). The second 
trace is identically zero. In order to prove this, we need first to find explicit 
expressions for dt4>h and ds4>h- Now (omitting the parameter t for simplicity) 
we know from [2] that 

(t>hs + ss = '^0^'t>h, UO = (t>h, + UQ^[(t)h, , Uq] (36) 

where uq is a selfadjoint endomorphisni such that /is+<5s = h^uo. Now 

hs+ss = h, + dshs -68 + aids'") (37) 

and hence, at first order in 6s, we obtain uq = 1 + u ■ Ss and consequently 
ds4>h = [(j)h,u\. In a similar way we obtain the formula 9t(/)/i — [4>h,v]. Therefore, 
using these relations, the Jacobi identity and the cyclic property of the trace, 
we see that the second trace is identically zero. On the other hand, the term 
involving the curvature R can be rewritten in terms of u, v and their covariant 
derivatives. So, finally we get 

= -i tv[v D'd"u + u d"D'v\ ds A dt . (38) 

As it is shown in |10j . defining the (O,l)-form a — itv[vd"u] we obtain 

d^ = - [d'a + d"a + i d"d'tT{vu)] ds A dt (39) 
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and hence d'^/ is an element in d'A^ '^ + 6?"^^'° . Q.E.D. 

As a consequence of Lemma 14.11 we have an important resuh for piecewise 
difFerentiable cfosed curves. Namely, we have 

Proposition 4.2 Let ht, a < t < 13 , he a piecewise differ entiahle closed curve 
in Herm+(£). Then 

J' aOA , J// ^1,0 



; ( tr [vt ■ Ti]A dt = mod d'A^'^ + d"A^ 

J a 



(40) 



Proof: Let a = ao < oi • • • < Op = /3 be the values of t where ht is not 
differentiable. Now take a fixed point k in Herm~''((£). Then, Lemma HTTl applies 
for each triple fc, ha^ , ha^^-^ with j = 0, 1, ...,p— 1 and the result follows. Q.E.D. 

Corollary 4.3 The Donaldson functional C{h, h') does not depend on the curve 
joining h and h' . 

Proof: Clearly, from the definition of Qi 

Qi{h,h') + Qi{h',h)^0. (41) 

If 7i and 72 are two differentiable curves from h to h' and we apply Proposition 
14.21 to 71 — 72, we obtain 

Ql'\h,h') + Ql \h',h) = mod d' A"^^ +d"A^'" , (42) 

and the result follows by integrating over X. Q.E.D. 

Proposition 4.4 For any h in Herm'^(2;) and any constant a > 0, the Don- 
aldson functional satisfies C{h, ah) = . 

Proof: Clearly 

Qi{h,ah) ^ \ogdct[{ah)^^h] ~~r\oga. 

Now, let b = log a and consider the curve ht = e'''^^*-'ft. from ah to h. For this 
curve Vt = ^bl and we have 

7^^l = d"{ht'd'ht) + [0, ^t] = d"{h-'d'h) + [0, ^t] , 

where (jjt is an abbreviation for (j)ht ■ Therefore, the (l,l)-component of Q2ih, ah) 
becomes 

Ql-^{h,ah) ^ i f tT{vt ■ TZ]'^) dt = i f ti [-b{R + [(l),4>t])] dt = -ibtr R 
Jo Jo 

and hence, from the above we obtain 

- / Qi{h, ah) uj A uj''-'^/{n- 1)1 ^-crbvolX, 
n Jx 

Q2{h,ah) A u"-^/{n- 1)1 = , / trflAc^"^^ 



■ deg (£ 



(n-1)! 

and the result follows from the definition of the constant c . Q.E.D. 
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Lemma 4.5 For any differentiable curve ht and any fixed point k mHerm+(2:) 

we have 

dtQiiht,k)^tv{vt), (43) 
dtQYiht, k) ^iti{vt ■ TZ]^^) mod d'A"'^ + d"A^'° . (44) 

Proof: Since k does not depend on t, we get 

dtQi{ht,k) = 9tlog(det fc~^) + atlog(det ht) = 9tlog(det ht) = tr(wt) . 

Considering b in (|28p as a variable, and differentiating that expression with re- 
spect to b, we obtain the formula. Q.E.D. 

By using the above Lemma, we have a formula for the derivative with respect 
to t of Donaldson's functional 

■^C{ht,k) = / itT{vt -TZ]'^) - ^tT{vt)uj 



X 



(n-1)! 



n 

[tr(wt • /Ct) - ctr('i;t)] 
X n\ 

= I ir[{K.t-cI)vt]'^. 
Jx n\ 

Since vt = h^^dtht and we can consider the endomorphism JCt as an Hermitian 
form by defining /Ct(s,s') = ht{s, ICts'), for any fixed Hermitian metric k and 
any differentiable curve ht in Herm^(€) we obtaiiH 

^aht,k)^{ICt-cht,dtht) , (45) 
at 

where JCt is considered here as a form. For each t, we can consider dtht € 
Herm(£) as a tangent vector of Herm~''(£) at ht- Therefore, the differential dC 
of the functional evaluated at dtht is given by 

dC{dtht) = j^C{ht,k) , (46) 

and hence, the gradient of C (i.e., the vector field on Herm"'"((£) dual to the form 
dC with respect to the invariant Riemannian metric introduced before) is given 
by V£ = JC — ch . From the above analysis we conclude the following 

Theorem 4.6 Let k he a fixed element in Herm^(€) . Then, h is a critical point 
of C if and only if K, ~ ch = Q , i.e., if and only if h is an Hermitian- Yang-Mills 
structure for Q; . 

In order to derive some properties of C it is convenient to divide the Hichin- 
Simpson connection (see , f3^ ) in the form I?^ = + c^/j and V" = D" + (p . 
In fact, using the above decomposition it is not difficult to show that all critical 
points of C correspond to an absolute minimum. 



® Notice that from the definition l(4j, the endomorphism Kt can be written formally as 
Kit = h^^K.t{-, ■) where /Ct(-, ■) denotes this time the mean curvature as a form. Therefore, 
we can express the derivative of the functional as an inner product of the forms Kt — cht and 
dtht as in ([Sj. 
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Theorem 4.7 Let k be a fixed Hermitian structure of £ and h a critical point 
of £{h, k) , then the Donaldson functional attains an absolute minimum at h . 

Proof: Let ht ,0 < t < 1 , be a difFcrcntiable curve such that ho = h, then we 
can compute straightforward the second derivative of C 

= J ti [dtlCt ■ Vt + (/Ct - cr)dtvt] . 

Since ho is a critical point of the functional, then /Ct — c/ = at f = , and 
hence 

j2 r n 

^,mt,k)l^o = _4M5*^f-*)7jL=o- (47) 

On the other hand, dflCt can be written in terms of the endomorphism Vt in the 
fohowing way 

V'V'vt = V"{D'vt + [^uVt]) 

= D"D'vt + [</>, D'vt] + D"[^t, Vt] + [0, [^t,vt]] , 

and since dt(j>t = [4't,Vt] we get 

dtUl'' = dtRt + dt^t] = D"D'vt + [cf>, [^t,vt]] . (48) 

Therefore, taking the trace with respect to u) (i.e., applying the iA operator) we 
obtain 

iAV'V'vt = iAdtUl'^ = dtJCt . (49) 
Hence, replacing this in the expression for the second derivative of £ we find 

-j^Ciht, k)l^^ = iv{iKV"V'vt ■ ^t)^L=o = ll^'^*ll?=o . (50) 

(that is, ho must be at least a local minimum of £). Now suppose in addition 
that hi is an arbitrary element in Herm~'~(£) and joint them by a geodesic ht, 
and hence dtVt = . Therefore, for a such a geodesic we have 

M r n 

^mt,k) = J^tridtlCfVt)^. (51) 

Following the same procedure we have done before, but this time at t arbitrary, 
we get for < f < 1 

^C{ht,k) = \\V'vt\\l>0 (52) 

(since there is an implicit dependence on t on the right hand side via 2?', we 
write a subscript ht in the norm) and it follows that C{ho,k) < C(hi,k). Now 
if we assume that hi is also a critical point of £ , we necessarily obtain the 
equality. Therefore, it follows that the minimum defined for any critical point 
of C is an absolute minimum. Q.E.D. 
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Let fc be a fixed Hermitian structure, then any Hermitian metric h will be 
of the form fee" for some section v of End(_E) over X. We can join fc to /i by 
the geodesic ht — fee*" where < i < 1 (note that here Vt = h^^dtht — v is 
constant, i.e., it does not depend on t). Now, in the proof of Theorem 14.71 we 
got an expression for the second derivative C{ht, fc) for any curve ht. Namely 

^i^ihu j^^^ I^*-*^* ■ ^* + - c^)^*^*] 5 • (53) 

Notice that in our case, the chosen curve is such that /iq = since it is also a 
geodesic dtVt = we have 

j2 r .n 

—C{hu fc) = / tr(5,/C, ■v)— = \\V'v\\l^ . (54) 



X 



Therefore, following il3;, the idea is to find a simple expression for or 
equivalently for and to integrate it twice with respect to t. We can 

do this using local coordinates, in fact, at any point in X we can choose a local 
frame field so that ho = I and v = diag(Ai, A, ) . In particular, using such a 
local frame field we have h]'' = e^^^'^Sij , and hence (after a short computation) 
we obtain 

= / E l^'"-}!' 7^ ■ (55) 

Now, at < = the functional C{ht, fc) vanishes and since fc = ft-o is not necessarily 
an Hermitian- Yang-Mills structure, we have 



d_ 

dt 



IX 

Then, by integrating twice (l54l) we obtain 



^ihuk)\t=o^ I tr [(/Co - c/)t;] ^4 • (56) 



^tr[(/Co-c/)«]^^+ J2 ^*(^-^^)l^'XI' (57) 
where i/jt is a function given by 



In particular, at i = 1 the expression (j57p corresponds (up to a constant term) 
to the definition of Donaldson's functional given by Simpson in [5]. Notice also 
that if the initial metric k = ho is Hermitian- Yang-Mills, the first term of the 
right hand side of ([571) vanishes and the functional coincides with the Donaldson 
functional used by Siu in [13]. 



5 The evolution equation 

For the construction of Hermitian- Yang-Mills structures, the standard procedure 
is to start with a fixed Hermitian metric ho and try to find from it an Hermitian 
metric satisfying K, = cl using a curve ht , < t < oo (in other words, we try 
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to find that metric by deforming ho through 1-parameter family of Hermitian 
metrics) and we expect that at t = cxi, the metric will be Hermitian- Yang-Mills. 

At this point, it is convenient to introduce the operator Dh — iAVD'h, 
which depends on the metric h . Using it, we can rewrite (j49p as dtlCt = □tWt , 
where the subscript t reminds the dependence of the operator on the metric ht . 

As we said before, to get an Hermitian- Yang-Mills metric we want to make 
JC — cl vanish. Therefore, a natural choice is to go along the global gradient 
direction of the functional given by the global L^-norm of JCt — cl . Therefore, 
taking the derivative of this functional we obtain 

J r , .n 

at Jx n\ 

= 2 / tr {dm ■ {ICt - cl)) ^ 
Jx n\ 

= 2 [ iT{vf UtlCt) ^ , 
Jx ril 

and the equation that naturally emerges (i.e., the associated steepest descent 
curve) is Vt = —DtlCt , or equivalently 

ht^dtht = -lAV'V'hlCt . (59) 

Since JCt is of degree two, the right hand side of the above equation becomes a 
term of degree four and hence we get at the end a nonlinear equation of degree 
four. To do the analysis, it is easier to deal with an equation of lower degree. 
In fact, this is one of the reasons for introducing the Donaldson functional. 
Following the same argument we did before, but this time using the functional 
C{ht, k) with k fixed, in place of the functional \\JCt — c/|p , we end up with a 
nonlinear equation of degree two (the heat equation), to be more precise, we 
obtain directly from the equation 

dtht=-ilCt-cht), (60) 

where this time, JCt represents the associated two form, and not an endomor- 
phisn:0. Simpson has shown that also for the Higgs case, we have always solu- 
tions of the above non linear evolution equation. This was proved in 2 for the 
non-compact case satisfying some additional conditions. That proof covers the 
compact Kahler case without any change. Then, from 2 we have the following 

Theorem 5.1 Given an Hermitian structure ho on <B , the non-linear evolution 
equation 

dtht = -{JCt - cht) (61) 
has a unique smooth solution defined for < t < oo . 

In the rest of this section, wc study some properties of the solutions of the 
evolution equation. In particular, we are interested in the study of the mean 
curvature when the paramater t goes to infinity. 

'^Notice that the equivalent equation involving cndomorphisms will be vt = — (/Ct — cl) . 
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Proposition 5.2 Let ht ,0 < t < oo , be a 1 -parameter family o/Herm^(2:) 
satisfying the evolution equation. Then 

(i) For any fixed Hermitian structure k of ^ , the functional C{ht, k) is a mono- 
tone decreasing function of t; that is 

j^C{ht,k)^-\\ICt~cir<0; (62) 

(ii) max j/Cf — c/p is a monotone decreasing function oft; 

(iii) If C{ht, k) is bounded below, i.e., C{ht, k) > A > — oo for some real constant 
A and < t < oo , then 

max \ICt — c/p — ?> as i — > oo . (63) 
Proof: From the proof of Lemma 14.51 we know that 

^aht,k)^{ICt-cht,dtht) . (64) 
at 

Since ht is a solution of the evolution equation, we get 

^£(/if, k) = - {Kt - cht,Kt - cht) = -||/Ct - c/it|p (65) 

and (i) follows from the definition of the Riemannian structure in Herm^(£) 
(considered this time as a metric for endomorphisms) . The proofs of (ii) and 
(iii) are similar to the proof in the classical case [TU] , but we need to work this 
time with the operator Uh = iAVVf^ instead of the operator Oh = iKD" D'^^ . 
In fact, from this definition Ovt = dtJCt and since vt = — (/Ct — c/), we get 

{d + dt)ICt=0. (66) 

On the other hand, 

2?"X>'|/Ct - c/p = V"V'iT(Kt- cl f 

= 2 tr((/Ct - cI)V"V'JCt) + 2 ti{V" K.t ■ V'JCt) 

and by taking the trace with respect to uj we get 

□ |/Ct-c/p = 2tT{{JCt-cI)UK.t) + 2iKti{V"K.fV'K.t) 
= -2tr{{ICt-cI)dtlCt)-2\V"ICt\^ 
= -dt\ICt~cI\^-2\V"ICt\\ 

So, finally we obtain 

(at + e)|/Ct-c/|2 = -2|2?"/Ct|' <0 (67) 

and (ii) follows from the maximum principle. Finally, (iii) follows from (ii) and 
(i) in a similar way to the classical case (see [TU] for details). Q.E.D. 

At this point we introduce the main result of the section. This estab- 
lishes a relation among the boundedness property of Donaldson's functional, 
the semistability and the existence of approximate Hermitian- Yang-Mills struc- 
tures. 
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Theorem 5.3 Let ^ he a Higgs bundle over a compact Kdhler manifold X 
with Kdhler form lo . Then we have the implications (i) — > (ii) — > (iii) for the 
following statements: 

(i) for any fixed Hermitian structure k in <B , there exists a constant B such that 
C{h, k) > B for all Hermitian structures h in € ; 

(ii) € admits an approximate Hermitian- Yang- Mills structure, i.e., given e > 
there exists an Hermitian structure h in ^ such that 



niax|/C - c/i| < e; (68) 



(iii) 2; is uj-semistable . 



Proof: Assume (i). Then the funcional is bounded below by a constant A. In 
particular C{ht, k) > A for /it , < i < oo , a one-parameter family of Hermitian 
structures satisfying the evolution eciuation. Therefore, from ([55]) it follows that 
given e > there exists to such thai! 

nmx \JCt — c/| < e for t > to . (69) 

This shows that (i) implies (ii). On the other hand, (ii) — > (iii) has been proved 
by Bruzzo and Graiia-Otero in [3]. Q.E.D. 



6 Semistable Higgs bundles 

We need some results which allow us to solve some problems about Higgs bun- 
dles by induction on the rank. This section is essentially a natural extension to 
Higgs bundles of the classical case, which is explained in detail in [lOj . 

Let 

^ £' (£ (£" (70) 

be an exact sequence of Higgs bundles over a Kiihler manifold. As in the or- 
dinary case, an Hermitian structure /i in £ induces Hermitian structures h' 
and h" in £' and £" respectively. We have also a second fundamental form 
Ah e A^'"(Hom{E',E")) and its adjoint Bh G A°^^{Rom{E" , E')) where, as 
usual, -B^ = — Ah . In a similar way, some properties which hold in the ordinary 
case, also hold in the Higgs case. 



Proposition 6.1 Given an exact sequence (j70p and a pair of Hermitian struc- 
tures h,k in (B . Then the function Qi{h, k) and the form Q2{h, k) satisfies the 
following properties: 

(i) Qi(/i,fc) =Qi(/i',fc') + Qi(/i",fc"), 

(ii) Q2{K k) - Q2{h', k') + Q2{h", k") -itT[Bh A B* - Bk A S*] 
modd'AO^i+d"Ai^". 



Proof: (i) is straightforward from the definition of Qi . On the other hand, (ii) 
follows from an analysis similar to the ordinary case. 



Notice that given e > 0, any metric h = ht-^ with ti > to in principle satisfies I I69II . 
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Since the sequence (j70p is in particular an exact sequence of holomorphic 
vector bundles, for any h we have a splitting of the exact sequence by C°°- 
homomorphisms j^h ■ E ^ E' and Xh '■ E" E . In particular, 

Bh = ^J.h o d" o Xh . (71) 

We consider now a curve of Hermitian structures h — ht,0<t<l such that 
ho = k and hi — h . Corresponding to ht we have a family of homomorphisms 
and At . We define the homomorphism St : E" E' given by 

Xt-Xo = ioSt. (72) 

A short computation (see [TD], Ch.VI) shows that dtBt = d"{dtSt) and choosing 
convenient orthonormal local frames for €' and we know that the endomor- 
phisni vt can be represented by the matrix 



Vt 



v't -dtSt 

-{dtStY v'l 



where are the natural endomorphisms associated to h'^^h'l respectively. 

Now, from the ordinary case we have 

^( R't-Bth Bt D'Bt 
* -D"Bt R'l ~ B; a Bt 

where R't and i?" are the Chern curvatures of (£' and (£" associated to the metrics 
h't and h't respectively. Now TZl'^ = Rt + [0, and since and €" are Higgs 
subbundles of £, we obtain a simple expression for the (l,l)-component of the 
Hitchin-Simpson curvature 



7^. 



1,1 ( K ' -BtA B; D'Bt 

' \ -D"B* 7^f - B* A Bt 

where T^f'^ = R't + [0, ^tj^' and 7?."^'^ — R'l + [0, (/)t]_E" . Hence, at this point 
we can compute the trace 

iv{vfn\-') = tr(T;;.7ef'i) + tr«.7ef'i) 

+tx{dtSt ■ d"b;) - t^iidtStY ■ D'Bt) 

+iv{v't ■ Bt A Bl) - tv{v't ■ Bl A Bt) . 

The last four terms are exactly the same as in the ordinary case. Finally we get 
that, modulo an element in d' A°-^ + d" A^'° 

tv{vt ■ nl'^) = tr(t;; • 7^f '^) + tr(t>;' • n't^'^) - dttrlBt A B;) . (73) 

Then, multiplying the last expression by i and integrating from t = to t = 1 
we obtain (ii). Q.E.D. 

From Proposition 16. II we get an important result for the compact case when 
fj.{^) = IJ.{^') = IJ. ■ Indeed, in that case we have also /i(2") = /i . Then, by 
integrating Qi{h, k) and Q2{h, k) over X, and since 

-itr(BAS*) Aa;"-i = |B|2a;"/n! (74) 

we have the same constant c for all functionals C{h, k) , C{h' , k') and C{h" , k") 
and we obtain the following 
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Corollary 6.2 Given an exact sequence (|70p over a compact Kdhler manifold 
X with = and a pair of Hermitian structures h and k in (£, the 

functional C{h, k) satisfies the following relation 

C{h, k) = C{h', k') + C{h\ k") + \\Bhf -\\Bkf. (75) 

In the one-dimensional case, when X is a compact Riemann surface, the 
notion of stability (resp. semistability) does not depend on the Kahler form oj, 
therefore we can establish our results without make reference to any lo. At this 
point we can establish a boundedness property for the Donaldson functional for 
semistable Higgs bundles over Riemann surfaces. To be precise we have 

Theorem 6.3 Let (B be a Higgs bundle over a compact Riemann surface X . If 
it is semistable, then for any fixed Hermitian structure k in Herm^(€) the set 
{C{h,k),h e Herm^(£)} is bounded below. 

Proof: Fix k and assume that (£ is semistable. The proof runs by induction on 
the rank of £. If it is stable, then by [5; there exists an Hermitian- Yang-Mills 
structure Hq on it, and we know that Donaldson's functional must attain an 
absolute minimum at Hq , i.e., for any other metric h 

C{h,k) > C{ho,k) (76) 

and hence the set is bounded below. Now, suppose (£ is not stable, then among 
all proper non-trivial Higgs subsheaves with torsion-free quotient and the same 
slope as £ we choose one, say with minimal rank. Since /i(£') — this 
sheaf is necessarily stablqj. Now let £" = then using Lemma 7.3 in [10] 

it follows that /i(€") = /i(£) and £" is semistablj^ and hence we have the 
following exact sequence of sheaves 

g' ^ (£ ^ (£" (77) 

where (£' and (£" are both torsion- free. Since dim X = 1 they are also locally free 
and hence the sequence is in fact an exact sequence of Higgs bundles. Assume 
now that h is an arbitrary metric on (£, then by applying the preceding Corollary 
to the metrics h and k we obtain 

C{h, k) = C{h', k') + C{h\ k") + \\Bhf -\\Bkf, (78) 

where h' ,k' and h",k" are the Hermitian structures induced by /i, fc in and 
<B" respectively. If the rank of € is one, it is stable and hence C{h, k) is bounded 
below by a constant which depends on k. Now, by the inductive hypothesis, 

^If £' is not stable, there exists a proper Higgs subshcaf 5' of £' with /i(iJ') > ^^'^ 
since 5^' is clearly a subsheaf of and this is semistable we necessarily obtain fJ.{S') = 
which is a contradiction, because £' was chosen with minimal rank. 

'^'^In fact, if £" is not semistable, then there exists a proper Higgs subshcaf Sj of (£" with 
^l{f)) > Then, using Lemma 7.3 in [10] we have > fj.{i£"/Sj). Defining H as the 

kernel of the morphism £ — > £"/^l> we get the exact sequence 

9- n 9- £ £"/f, ^ 

and since /^(£) = ii{(£"), using again the same Lemma in |10| we conclude that > /i(£), 

which contradicts the semistability of £. 
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C{h',k') and C{h",k") are bounded below by constants depending only on k' 
and k" respectively. Then C{h, k) is bounded below by a constant depending 
on k. Q.E.D. 

As a consequence of the above result, we get that in the one-dimensional 
case all three conditions in the main theorem are equivalent. As a consequence 
we obtain the following 

Corollary 6.4 Let be a Higgs bundle over a compact Riemann surface X. 
Then <B is semistable if and only if € admits an approximate Hermitian- Yang- 
Mills structure. 

This equivalence between the notions of approximate Hermitian- Yang-Mills struc- 
tures and semistability is one version of the so called Hitchin-Kobayashi corre- 
spondence for Higgs bundles. As a consequence of the Corollarv 16.41 we see that 
in the one-dimensional case, all results about Higgs bundles written in terms 
of approximate Hermitian- Yang-Mills structures can be traslated in terms of 
semistability. In particular we have 

Corollary 6.5 // £1 and €2 are semistable Higgs bundles over a compact Rie- 
mann surface X, then so is the tensor product €i(g)€2. Furthermore = 
^{'^2), so is the Whitney sum £1 €2 . 

Corollary 6.6 If <B is semistable Higgs bundle over a Riemann surface X, then 
so is the tensor product bundle 2;®'' (g) and the exterior product bundle /\'' £ 
whenever p < r . 

The equivalence between the existence of approximate Hermitian- Yang-Mills 
structures and semistability is also true in higher dimensions. However, since 
torsion-free sheaves over compact Kahler manifolds with dim X > 2 may not be 
locally free (they are locally free only outside its singularity set) it is necessary 
to use Higgs sheaves and not only Higgs bundles. 

7 Admissible metrics for Higgs sheaves 

A natural notion of a metric on a torsion-free sheaf is that of admissible Her- 
mitian structure. This was first introduced by S. Bando and Y.-T. Siu in 
In their article, they proved first the existence of admissible structures on any 
torsion-free sheaf, and then obtained an equivalence between the stability of a 
torsion-free sheaf and the existence of an admissible Hermitian- Yang-Mills met- 
ric on it, thus extending the Hitchin-Kobayashi correspondence to torsion-free 
sheaves. 

Admissible structures were used again by I. Biswas and G. Schumacher [5] 
to prove an extended version of the correspondence of Bando and Siu to the 
Higgs case. In this last section, we briefly discuss some of these notions. 

Let £ be a torsion- free Higgs sheaf over a compact Kahler manifold X. The 
singularity set of £ is the subset 5* = 5'(£) C X where £ is not locally free. As 
is well known, 5 is a complex analytic subset with codimS > 2. Following [5], 
[19] ■ an admissible structure /i on £ is an Hermitian metric on the bundle £|x\s 
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with the fohowing two properties: 

(i) The Chern curvature i? of /i is square-integrable, and 

(ii) The corresponding mean curvature K = iKR is L^-bounded. 

Let consider now the natural embedding of (£ into its double dual 
since S'(€^^) C <S'(£), an admissible structure on <Ey^ restrics to an admissible 
structure on (2. An admissible structure h is called an admissible Hermitian- 
Yang-Mills structure if on X\S the mean curvature of the Hitchin-Simpson 
connection is proportional to the identity. In other words if 

K. = K + iK[(t>,4>h]=c-I (79) 

is satisfied on X\S for some constant c, where / is the identity endoniorphism 
of E. It is important to note here that, in contrast to an admissible metric, the 
condition defining an admissible Hermitian- Yang-Mills metric depends on the 
Higgs field. 

Let € be a torsion- free Higgs sheaf over a compact Kahler manifold X . Since 
its singularity set is a complex analytic subset with codimension greater or 
equal than two, X\S satisfies all assumptions Simpson [5] impose^ on the base 
manifold and hence we can see (£|j(:\5 as a Higgs bundle over the non-compact 
Kahler manifold X\S. 

Following Simpson f?. Proposition 3.3 (see also Corollary 3.5) it fol- 
lows that a torsion-free Higgs sheaf over a compact Kahler manifold with an 
admissible Hermitian- Yang-Mills metric must be at least semistable. However, 
as Biswas and Schumacher have shown in [5 , this is just a part of a stronger 
result. To be more precise, they proved the Hitchin-Kobayashi correspondence 
for Higgs sheaves. This result can be written as 

Theorem 7.1 Let ^ he a torsion-free Higgs sheaf over a compact Kahler man- 
ifold X with Kahler form uj. Then, it is u) -poly stable if and only if there exists 
an admissible Hermitian- Yang- Mills structure on it. 

Let h be an admissible metric on £, then Kh is L^-bounded. On the other 
hand, from [5], Lemma 2.6, we know the Higgs field (f> is also L^-bounded on 
X\S (in particular it is square integrable). From this we conclude that 

lCh = Kh + iA[<l),4>h] (80) 

is L^-bounded and hence, for any admissible metric h on the torsion-free Higgs 
sheaf <B we must have 

/ |/C,,|c^"<oo. (81) 
Jx\s 

Let Herm^(£x\s) be the space of all smooth metrics on €x\s satisfying the 
condition (1811) and suppose that h and k are two metrics in the same connected 

Notice that since X is compact, by [2|, Proposition 2.1, it satisfies the assumptions on the 
base manifold that Simpson introduced. Now, from this and |2], Proposition 2.2, it follows 
that X\S also satisfies the assumptions. 
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component of Herm~''(£x\s)- Then h — ke"" for some endomorphism v of E\x\s 
and following Simpson [5], we can write the Donaldson functional as 

Jx\s nl Jx\s,^^ ' (n-1)! 

where the function ip is given by 

We define the Donaldson functional on the Higgs sheaf 2; just as the corre- 
sponding functional (15^ defined on the Higgs bundle In [2, Simpson 
established an inequality between the supremum of the norm of the endomor- 
phism V relating the metrics h and k and the Donaldson functional for Higgs 
bundles over (non necessarily) compact Kahler manifolds; this result can be 
immediately adapted to Higgs sheaves as follows: 

Corollary 7.2 Let k be an admissible metric on a torsion-free Higgs sheaf 
<£ over a compact Kahler manifold X with Kahler form uj and suppose that 
sxvpx\s\^k\ < B for certain fixed constant B. If (£ is uj-stahle, then there exist 
constants Ci and C2 such that 

svLpx\s\v\ <Ci + C2C{ke'',k) (84) 

for any selfadjoint endomorphism v with tr t; = and supxy^luj < 00 and such 
that swpx\s\^ke-^'\ — B- 

In a future work, we will study more in detail admissible metrics and Don- 
aldson's functional for torsion-free Higgs sheaves and the equivalence between 
semistability and the existence of approximate Hermitian- Yang-Mills metrics 
for Higgs bundles in higher dimensions. 
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